A variety of methods have been developed in nonlinear science to stabilize unstable periodic orbits (UPOs) and control chaos [1] , following the seminal work by Ott, Grebogi and Yorke [2] , who employed a tiny control force to stabilize UPOs embedded in a chaotic attractor [3, 4] . A particularly simple and efficient scheme is time-delayed feedback as suggested by Pyragas [5], which uses the difference z(t − τ) − z(t) of a signal z at a time t and a delayed time t − τ. It is an attempt to stabilize periodic orbits of (minimal) period T by a feedback control which involves a time delay τ = nT, for suitable positive integer n. A linear feedback example iṡ
Introduction
A variety of methods have been developed in nonlinear science to stabilize unstable periodic orbits (UPOs) and control chaos [1] , following the seminal work by Ott, Grebogi and Yorke [2] , who employed a tiny control force to stabilize UPOs embedded in a chaotic attractor [3, 4] . A particularly simple and efficient scheme is time-delayed feedback as suggested by Pyragas [5] , which uses the difference z(t − τ) − z(t) of a signal z at a time t and a delayed time t − τ. It is an attempt to stabilize periodic orbits of (minimal) period T by a feedback control which involves a time delay τ = nT, for suitable positive integer n. A linear feedback example iṡ
z(t) = f (λ, z(t)) + B[z(t − τ) − z(t)]
(2.1) whereż(t) = f (λ, z(t)) describes a d-dimensional nonlinear dynamical system with bifurcation parameter λ and an unstable orbit of (minimal) period T.
The constant feedback control matrix B is chosen suitably. Typical choices are multiples of the identity or of rotations, or matrices of low rank. More general nonlinear feedbacks are conceivable, of course. The main point, however, is that the Pyragas choice τ P = nT of the delay time eliminates the feedback term on the orbit, and thus recovers the original T-periodic solution z(t). In this sense the method is noninvasive. Although time-delayed feedback control has been widely used with great success in real world problems in physics, chemistry, biology, and medicine, e.g. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , a severe limitation used to be imposed by the common belief that certain orbits cannot be stabilized for any strength of the control force. In fact, it had been contended that periodic orbits with an odd number of real Floquet multipliers greater than unity cannot be stabilized by the Pyragas method [20] [21] [22] [23] [24] [25] , even if the simple scheme (2.1) is extended by multiple delays in form of an infinite series [26] . To circumvent this restriction more complicated control schemes, like an oscillating feedback [27] , half-period delays for special, symmetric orbits [28] , or the introduction of an additional, unstable degree of freedom [25, 29] , have been proposed. Recently, however, it has been shown that the general limitation for orbits with an odd number of real unstable Floquet multipliers greater than unity does not hold: stabilization may be possible for suitable choices of B [30, 31] . As an example, an unstable periodic orbit generated by a subcritical Hopf bifurcation has been considered. In particular, this refutes the theorem in [21] . In this article we review these recent findings, and give some general symmetry and stability considerations.
Mechanism of Stabilization
Consider the normal form of a subcritical Hopf bifurcation, extended by a time-delayed feedback terṁ
with z ∈ C and real parameters λ and γ. T t with minimal period T = 2π/ω even in the nonlinear case and with delay terms. This follows from uniqueness of the emanating Hopf branches [32] .
Transforming Eq. (2.2) to amplitude and phase variables r(t), ϕ(t) for z(t) = r(t)e iϕ(t) , we obtain at vanishing control b = 0
An unstable periodic orbit (UPO) with r = √ −λ and period T = 2π/(1 − γλ) exists for λ < 0. This is the orbit which we will stabilize, called the Pyragas orbit. At λ = 0 a subcritical Hopf bifurcation occurs, and the steady state z = 0 loses its stability. The Pyragas control method is a noninvasive method: the control force vanishes at successful stabilization, and the periodic Pyragas orbit itself remains untouched by the control procedure. In order to satisfy this requirement the delays τ have to be chosen as a multiple of the minimal period: τ = nT. This defines the local Pyragas curve in the (λ, τ)-plane for any n ∈ N τ P (λ) = 2πn 1 − γλ = 2πn(1 + γλ + . . . ), (2.5) emanating from the Hopf bifurcation points λ = 0, τ = 2πn, towards negative λ. Under further nondegeneracy conditions, the Hopf point λ = 0, τ = nT (n ∈ N 0 ) also continues to a Hopf bifurcation curve τ = τ H (λ) for λ < 0. We determine this Hopf curve next. It is characterized by purely imaginary eigenvalues η = iω of the transcendental characteristic equation
which results from the linearization at the steady state z = 0 of the delayed system Eq. (2.2). Separating Eq. (2.6) into real and imaginary parts
and using the trigonometric identity
to eliminate ω(λ) from Eqs. (2.7) and (2.8) yields an explicit expression for the multivalued Hopf curve τ H (λ) for given control amplitude b 0 and phase β:
Note that τ H is not defined in case of β = 0 and λ < 0. Thus complex b is a necessary condition for the existence of the Hopf curve in the subcritical regime λ < 0. . By construction, the delay τ becomes a multiple of the minimal period T of the bifurcating Pyragas orbits along the Pyragas curve τ = τ p (λ) = nT, and the time-delayed feedback term vanishes on these periodic orbits, noninvasively. Standard exchange of stability results [32] , which hold verbatim for delay equations, then assert that the bifurcating branch of periodic solutions locally inherits linear asymptotic (in)stability from the trivial steady state, i.e., it consists of stable periodic orbits on the Pyragas curve τ P (λ) inside the shaded domains for small |λ|. We stress that an unstable trivial steady state is not a sufficient condition for stabilization of the Pyragas orbit. In fact, the stabilized Pyragas orbit can destabilize again when λ < 0 is decreased further. This may be caused, for instance, by a torus bifurcation, see Section 2.5. However, there exists an interval of λ < 0 in our example for which Pyragas stabilization holds.
More precisely, periodic orbits of the controlled and uncontrolled system, alike, possess a unique and simple nontrivial Floquet multiplier μ = exp(ΛT), near unity, as long as |λ| remains small. All other nontrivial Floquet multipliers lie strictly inside the complex unit circle. In particular, the (strong) unstable dimension of these periodic orbits is either 0 or 1, depending on μ < 1 or μ > 1, respectively, and their unstable manifold is absent or two-dimensional. This is shown in Fig. 2 .2 panel (a) top, which depicts solutions Λ of the characteristic equation of the periodic solution on the Pyragas curve (see Appendix).
The largest real part is positive for b 0 = 0. Thus the periodic orbit of the uncontrolled system is born unstable. As the amplitude of the feedback gain increases, the largest real part of the eigenvalue becomes smaller and eventually changes sign at TC. Hence the periodic orbit is stabilized. Note that an infinite number of Floquet exponents are created by the control scheme; their real parts tend to −∞ in the limit b 0 → 0 of vanishing control. Some of them may cross over to positive real parts for larger b 0 (dashed line in Fig. 2.2a) , terminating the stability of the periodic orbit; see Section 2.5. Panel (a) bottom illustrates the stability of the steady state by displaying the largest real part of the eigenvalues η. There is an isolated real multiplier crossing the unit circle at μ = 1, in contrast to the result stated in [21] . This is caused by a transcritical bifurcation at which the Pyragas orbit collides with a delay-induced stable periodic orbit. In panel (c) of Fig. 2 .2 the radii of all circular periodic orbits (r = const) are plotted versus the feedback strength b 0 . For small b 0 only the initial (unstable) Pyragas orbit (T and r independent of b 0 ) and the steady state r = 0 (stable) exist. With increasing b 0 a pair of unstable/stable periodic orbits is created in a saddle-node (SN) bifurcation. The stable one of the two orbits (solid) then exchanges stability with the Pyragas orbit in a transcritical bifurcation (TC), and terminates at in a subcritical Hopf bifurcation (subH), where the steady state r = 0 becomes unstable. The Pyragas orbit continues as a stable periodic orbit for larger b 0 . Except at TC, the delay-induced orbit has a period T = τ. Note that the respective exchanges of stability of the Pyragas orbit (TC) and the steady state (subH) occur at slightly different values of b 0 . This is also corroborated by Fig. 2.2(c) . The mechanism of stabilization of the Pyragas orbit by a transcritical bifurcation relies upon the possible existence of such delay-induced periodic orbits with T = τ. Technically, the proof of the odd-number limitation theorem in [21] fails because the trivial Floquet multiplier μ = 1 (Goldstone mode of periodic orbit) was neglected there; F(1) in Eq. (14) in [21] is thus zero and not less than zero, as assumed [33] . At TC, where a second Floquet multiplier crosses the unit circle, this results in a Floquet multiplier μ = 1 of algebraic multiplicity two.
S 1 -Symmetry and Stability of Rotating Waves
For any fixed real ω, the transformation z(t) = e iωt ζ(t) to co-rotating complex coordinates ζ(t) transforms Eq. (2.2) into the equivalent delay equatioṅ
The co-rotating equation ( 
12)
The bifurcation diagram in Fig 2.2 
under the constraint of a positive right hand side. Substituting into the imaginary part of Eq. (2.12) yields the real equation
We seek solutions ω, depending on the five real parameters λ, γ, b 0 , β, τ. The degenerate case ω = 0 which corresponds to a circle of equilibria, alias a frozen wave of vanishing angular velocity ω, arises only for γλ = 1 [34] , i.e., far away from the Hopf bifurcation. The stabilization mechanism outlined in Section 2.2 can be understood from a mathematical view point as follows. At Hopf bifurcation we have a simple pair of purely imaginary eigenvalues, and no other imaginary eigenvalues.
Therefore, the center manifold is two-dimensional at Hopf bifurcation [32] . Dimension two extends and includes the nearby transcritical bifurcation of rotating waves. Moreover, the center manifold can be chosen to be invariant with respect to the S 1 action z → e iϑ z [35] . In polar coordinates z = r e iϕ the dynamics in any two-dimensional center manifold is therefore given by a system of the general forṁ
with parameter vector μ, i.e., in our case μ = (λ, γ, b 0 , β, τ). Note that ϕ neither enters the equation forṙ nor forφ. Indeed, (r(t), ϕ(t) + ϑ) must be a solution for any fixed ϑ, by S 1 -equivariance, whenever (r(t), ϕ(t)) is. Also note that Eq. (2.15a) is a system of differential equations which does not involve time delayed arguments. Rather, the original time delay τ enters as one parameter among others.
To determine f on the center manifold, we first observe that f (r 2 , μ) = 0 defines rotating (or frozen) waves with |ζ 0 | = r, and thus must be equivalent to Eq. (2.12) with ω = g(r 2 , μ). Conversely, the solution set (r 2 , ω, μ) is therefore given by Eqs. (2.13) and (2.14), and defines the zero set of f . Again, f (r 2 , μ) = 0 if, and only if, (ω, μ) solve Eq. (2.14) and r 2 is given by Eq. (2.13).
To determine the stability of our rotating waves within the center manifold it remains to determine the sign of f outside the zero set. That sign is known at the trivial equilibrium r = 0, by standard exchange of stability at nondegenerate Hopf bifurcations. Normally hyperbolic rotating waves correspond to simple zeros of f in the r-direction, i.e., ∂ r f = 0. This allows us to determine the sign of f in the bifurcation diagram Fig. 2.2 (c) . The (in-)stability properties of all rotating waves within the two-dimensional center manifold are then immediate. Spectral analysis at the Hopf bifurcation shows strict stability of the remaining nonimaginary eigenvalues. Therefore the center manifold is attractive [32] . In particular, (in-)stability of rotating waves in the full delay system (2.2) is inherited from the center manifold analysis without ever computing the manifold itself. In conclusion this proves the stability properties indicated in Fig. 2.2 (c) , for the parameters chosen there.
Conditions on the Feedback Gain
Next we analyse the conditions under which stabilization of the subcritical periodic orbit is possible. From Fig. 2.1(b) it is evident that the Pyragas curve must lie inside the yellow region, i.e., the Pyragas and Hopf curves emanating from the point (λ, τ) = (0, 2π) must locally satisfy the inequality τ H (λ) < τ P (λ) for λ < 0. More generally, let us investigate the eigenvalue crossings of the Hopf eigenvalues η = iω along the τ-axis of Fig. 2.1 . In particular we derive conditions for the unstable dimensions of the trivial steady state near the Hopf bifurcation point λ = 0 in our model equation (2.2). On the τ-axis (λ = 0), the characteristic equation (2.6) for η = iω is reduced to
and we obtain two series of Hopf points given by We are interested specifically in the Pyragas-Hopf points of series A (marked by dots in Fig. 2 .1) where τ = τ A n = 2πn and ω = ω A = 1. Indeed sign(Re η τ ) = sign(sin β) > 0 holds, provided we assume 0 < β < π, i.e., b I > 0 for the feedback gain. This condition alone, however, is not sufficient to guarantee stability of the steady state for τ < 2nπ. We also have to consider the crossing direction sign(Re η τ ) along series B, ω B = 1 − 2b 0 sin β, ω B τ B n = 2β + 2πn, for 0 < β < π. Equation (2.19) now implies sign(Re η τ ) = sign((2b 0 sin β − 1) sin β) = sign(2b 0 sin β − 1).
To compensate for the destabilization of z = 0 upon each crossing of any point τ A n = 2πn, we must require stabilization (sign(Re η τ ) < 0) at each point τ B n of series B.
The distance between two successive points τ B n and τ B n+1 is 2π/ω B > 2π. Therefore, there is at most one τ B n between any two successive Hopf points of series A. Stabilization requires exactly one such τ B n , specifically:
This condition is satisfied if, and only if, 20) where 0 < β * n < π is the unique solution of the transcendental equation
This holds because the condition 20) represents a necessary but not yet sufficient condition that the Pyragas choice τ P = nT for the delay time will stabilize the periodic orbit.
To evaluate the remaining condition, τ H < τ P near (λ, τ) = (0, 2π), we expand the exponential in the characteristic equation (2.6) for ωτ ≈ 2πn, and obtain the approximate Hopf curve for small |λ|:
Recalling (2.5), the Pyragas stabilization condition τ H (λ) < τ P (λ) is therefore satisfied for λ < 0 if, and only if, 
Equation (2.21) represents a curve b 0 (β), i.e., 
Tori
Rotating waves z(t) = e iωt ζ 0 are periodic solutions of Eq. (2.2). But not all periodic solutions need to be rotating waves. Any bifurcation from rotating waves, however, must be visible in co-rotating coordinates ζ(t) = e −iωt z(t) as well. Since rotating waves of Eq. (2.2) are equilibria of Eq. (2.11) any such bifurcation must be accompanied by purely imaginary eigenvalues Λ of the characteristic equation associated to ζ 0 .
At the rotating wave equilibrium r 0 = ζ 0 > 0 of the co-rotating system Eq. (2.11), the characteristic equation for Floquet multipliers μ = e ΛT becomes
See the appendix for a derivation. Here we have abbreviated c = cos β, s = sin β for the control b = b 0 e β , and E = e −Λτ − 1 for the Floquet exponents Λ. In The observed amplitude oscillations can be explained by a supercritical Neimark-Sacker torus bifurcation scenario. Indeed the nontrivial purely imaginary Floquet exponent Λ causes the associated nonreal Floquet multiplier μ = e ΛT to cross the complex unit circle and destabilize the periodic Pyragas orbit inspite of an increasing control amplitude (see Fig. 2.4) . The resulting bifurcation is supercritical in our example; see also bifurcating 2-torus inherits stability, taking it away from the Pyragas orbit by exchange of stability.
Equivariance under rotations causes a slight improvement over standard torus bifurcation. The rotation number along the bifurcating torus branch, which would behave in a devil's staircase manner in the general case, in fact becomes a smooth function of the amplitude of the resulting oscillations of r(t) = |z(t)|. In particular, the usual phase locking or resonance phenomena at rational rotation numbers on invariant tori do not occur. This can be seen, for example, by an analysis in suitable Palais coordinates along the relative equilibrium to the S 1 -action which is given by the destabilized Pyragas orbit. Eliminating the S 1 -action, the Neimark-Sacker bifurcation then becomes a nondegenerate relative Hopf bifurcation from the relative equilibrium ζ 0 = r 0 . The Hopf eigenvalues are provided by the purely imaginary Floquet exponent Λ. See Ref. [36] and the survey [37] for details of such a setting. A similar phenomenon occurs, albeit in a reaction-diffusion setting, when rigidly rotating spiral waves in excitable media destabilize to meandering motions [37, 38] . For the likewise related destabilization of wavy vortices to modulated wavy vortices in Taylor-Couette fluid flow between rotating concentric cylinders see [39] and the references there. Intensity pulsations in laser systems provide yet another experimental source of the same phenomenon of smooth parameter dependence of rotation numbers (see Refs. [40, 41] ).
Unlike the present case, though, these phenomena do not involve delayed feedback control. In our case of Pyragas control we can conclude that stabilization and destabilization of Pyragas orbits occurs, either by transcritical bifurcations of non-Pyragas periodic orbits, or else by Neimark-Sacker torus bifurcation with nonresonant, smooth dependence of the rotation number.
Conclusion
In conclusion, we have refuted the claim that a periodic orbit with an odd number of real Floquet multipliers greater than unity cannot be stabilized by time-delayed feedback control of Pyragas type. For this purpose we have analyzed the generic example of the normal form of a subcritical Hopf bifurcation, which is paradigmatic for a large class of nonlinear systems. We have worked out explicit analytical conditions for stabilization of the periodic orbit generated by a subcritical Hopf bifurcation in terms of the amplitude and the phase of the feedback control gain. Our results emphasize the crucial role of a non-vanishing phase of the control signal for stabilization of periodic orbits which violate the odd-number limitation. The feedback phase is readily accessible and can be adjusted, for instance, in laser systems, where subcritical Hopf bifurcation scenarios are abundant and Pyragas control can be realized via coupling to an external Fabry-Perot resonator [18] . The importance of the feedback phase for the stabilization of steady states in lasers [18] and neural systems [42] , as well as for stabilization of periodic orbits by a time-delayed feedback control scheme using spatio-temporal filtering [43] , has been noted recently. Here, we have shown that the odd-number limitation does not hold in general, which opens up fundamental questions as well as a wide range of applications. The result will not only be important for practical applications in physical sciences, technology, and life sciences, where one might often desire to stabilize periodic orbits with an odd number of positive Floquet exponents. It also suggests noninvasive experimental and numerical tracking of unstable orbits and bifurcation analysis using time-delayed feedback control [44] . for the Floquet exponents Λ which can be solved numerically.
